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Evaluation of Cumulative Damage Models
for Fatigue Crack Growth in an Aircraft Engine Alloy

T. Nicholas*
Air Force Wright Aeronautical Laboratories, Wright-Patterson Air Force Base, Ohio
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| J. R. Christoff}
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Two models for evaluating crack growth in aircraft engine alloys under typical mission spectra were evaluated.
Each model had the capability to determine the effects of frequency, stress ratio, temperature, and hold time on
the crack growth rate. Data on an advanced alloy (AF115) were used to evaluate the hyperbolic sine (SINH)
model and modified sigmoidal equation (MSE) model. Both models were found to have adequate capability and
flexibility in modeling crack growth behavior over a wide range of conditions. The SINH model has been much
more fully developed than the MSE model and is easier to apply to new materials.

Introduction

HE ability to predict fatigue crack growth rates in struc-

tural alloys has become an integral part of the design and
life management procedures for U. S. Air Force gas turbine
engines. Increased performance requirements resulting in
higher operating temperature and stresses over the last two
decades have resulted in drastic changes in the design criteria
applied to critical engine components. In the 1960s, most
critical structural components (e.g., turbine disks, spacers,
etc.) were limited by creep and stress rupture properties. Less
than 1% of all rotating components were life limited by low-
cycle fatigue. However, today’s designs find well over 75% of
these components limited in life by low-cycle fatigue.

The present life management system for critical structural
components whose life is limited by low-cycle fatigue is to
retire these components from service at the end of their design
life. The design life is determined by the time required to in-
itiate a crack, therefore completely ignoring subcritical crack
growth. Moreover, the design life is based on statistically safe
material properties, using criteria such as 1 in 1000 com-
ponents initiating a detectable crack. Statistically, 999 out of
1000 components will not have initiated a detectable crack
when they are retired from service. Although this is clearly a
conservative and safe design procedure, the replacement costs
for these components are becoming prohibitive. Furthermore,
analysis has shown that the average useful life of the com-
ponents is often greater than 10 times their design life. Finally,
the accurate determination of the tail end of the statistical
distribution curve of component lives is very difficult,
especially in cases where low-cycle fatigue life is heavily in-
fluenced by the presence of defects in the material. For these
reasons, the Air Force is implementing a retirement-for-cause
(RFC) life management philosophy on some of its existing
engines.
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The RFC approach calls for the retirement of components
from service only after a crack is détected during periodic
maintenance inspections. If no cracks are found, the compo-
nent is returned to service for another inspection interval. This
procedure requires accurate and reliable nondestructive in-
spection techniques to ensure detection of all cracks present. It
also requires accurate modeling of crack growth to predict the
time it takes for a crack to grow from the inspection limit size
to failure. The frequency of the periodic inspections is
established according to this prediction and it is generally re-
quired to be one-half or one-third of the predicted time-to-
failure. Thus, safe operation is ensured by allowing one or two
additional inspections to be performed during the predicted
time-to-failure period.

In addition to adopting this RFC maintenance procedure,
the Air Force has implemented the engine structural integrity
program (ENSIP), which also requires a capability for predic-
ting fatigue crack growth rates in enginé components. While
RFC requires an analysis of existing engine structural com-
ponents, ENSIP addresses the design of new engines. It im-
poses a damage-tolerant design approach for all critical struc-
tural components in an engine. In this design process, a small
initial fatigue crack is assumed to exist in all production parts.
It is required that this initial flaw will not grow to a
catastrophic size during the lifetime of the engine. Therefore,
both RFC and ENSIP require accurate predictive capability
for fatigue crack growth in engine materials under typical
operating conditions. This paper presents an assessment of
this capability for two state-of-the-art models that have been
developed for crack growth rate predictions: one developed by
General Electric Co. based on a modified sigmoidal equation
and one developed by Pratt & Whitney Aircraft involving a
hyperbolic sine equation. The models are discussed and
demonstrated in a simple application to an advanced engine
alloy and an assessment is made of their predictive
capabilities.

, Crack Growth Models
A crack growth model must have the capability to predict
fatigue crack growth rates over a wide range of operational
parameters. In addition to accurately modeling large amounts

‘of experimental data, the ability to interpolate between ex-

perimental conditions is necessary. The approach common to
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~ Fig. 1 Schematic of typical sigmoidal shape of crack growth curve.

both models assessed in this paper is to start with an equation
that can represent the general sigmoidal shape of a typical
fatigue crack growth rate curve, as depicted schematically in
Fig. 1: region I represents the near-threshold or very low crack
growth rate regime, region II the Paris law regime that is linear
over some range for most materials, and region III the very
high growth rate regime. The constants in the equation have to
be determined as functions of the test variables. All of the
work to date in modeling the fatigue crack growth rate in tur-
bine engine materials has used the linear elastic fracture
mechanics (LEFM) stress intensity factor, K, or the stress in-
tensity factor range, AK, as the correlating parameter.!?
Although time- and/or frequency-dependent material be-
havior is often observed at the highest operating temperatures,
this behavior is due to a synergism between environmental
degradation (oxidation) and local time-dependent creep.*?
Under these conditions, K has been found to be an adequate
correlating parameter, even for crack growth under sustained
load.®

The test variables of primary concern in modeling crack
growth in engine alloys are temperature 7, cyclic frequency f,
stress ratio R (the ratio of minimum to maximum applied
stress), and sustained load hold time 7. It should be noted
that these are significantly different from the variables needed
to adequately model crack growth in airframe or other room
temperature alloys. There, the primary parameters of interest
are the stress ratios and overload ratios in spectrum loading,
while temperature, frequency, and hold time are not con-
sidered. Also, due to the nature of the engine load spectrum,
overload effects are generally minor and are neglected in most
crack growth modeling.! This paper evaluates the capability
of two models to predict the fatigue crack growth rate in
engine materials when only the frequency and the hold time
are varied.

The MSE Model )

A modified sigmoidal equation (MSE) was developed by
General Electric Co.” to represent data for alloy AF115 in the
form

da/dN =exp(B)(AK/AK*)P [(AK/AK*)] 2 [n(AK,/AK)] P
4y

The plot of this equation has the general sigmoidal shape
shown in Fig. 1. Here, da/dN is the crack growth rate per cy-
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Table 1 Influence of experihlental parameters
on the sigmoidal model coefficients

Coefficient Temperature Frequency Hold time Stress ratio

AK, X
AK* X X
AK; X X X

dA/dN; X X X X

dA/dN! X X X

0 X X

cle and AK the stress intensity range. The term AK™* represents
the lower asymptote of Fig. 1 or the threshold stress intensity
range, while AK, is the upper asymptote or critical value of
AK. The remaining constants B, P, Q and D can be related, in
general, to the four test variables 7, f, R, and t,. The two
asymptotes can also depend on these variables.

Equation (1) was developed for and applied to the crack
growth rate predictions of alloy AF115, a high-temperature
nickel-base turbine disk superalloy. A large body of ex-
perimental data was generated over ranges of the four test
variables. Changing one or more of the test variables will
result in a number of changes of the general curve of Fig. 1: 1)
the inflection point of the curve may translate both horizontal-
ly or vertically, 2) the slope at the inflection point may change,
3) the shape or curvature of the upper and lower portions may
be altered, and 4) the upper and lower asymptotes may shift.
The six parameters control these changes. Parameter B con-
trols the vertical moction of the entire curve. Parameter P pro-
vides control of the slope at the inflection point. The vertical
location of the inflection point is controlled by a combination
of B, P, and AK*. The horizontal location of the inflection
point is governed by a complex combination of a number of
the parameters. The asymptotes have already been defined.
Because of the complexity of all these interactions, an alter-
nate set of six parameters was introduced to facilitate relating
the movements of the curve to the values of the test variables.
This new set of parameters, which is made up of three of the
original ones (AK,, AK*, and Q), and of three new ones, and
the dependence of each on the test variable, is shown in Table
1. An X indicates a functional relation. It can be seen, for ex-
ample, that AK, depends only on R, while AK;, da/dN;, and
da/dN/ are each related to all four test variables. These func-
tional relationships were established for AF115 and involved
either linear or power law dependence on the variables or their
logarithms. The MSE equation has not been applied to other
materials, so it is not known if these forms of functional
dependence would hold for other materials. Nonetheless, in
order to evaluate the predictive capability of the MSE model,
the relationships were established for AF115 and incorporated
into a computer program that provides numerical values over
the range of variables used in this investigation.

The SINH Model

A model based on the hyperbolic sine (SINH) was
developed by Pratt & Whitney Aircraft®!! to interpolate the
crack growth rate data for several materials over ranges of the
four test variables 7, f, R, and t5. It is expressed in the form

log(da/dN) = C,sinh [ C,(logAK + C;)]1 + C, ?)

which provides the basic sigmoidal shape of Fig. 1. Through
the use of the logarithms of da/dN and AK in Eq. (2), the
ability to physically interpret movement of the curve of Fig. 1
is enhanced. Note that Fig. 1 represents a sigmoidal curve in
logarithmic coordinates. In Eq. (2), C, is a shape factor nor-
mally set equal to 0.5 for many materials. The constant C, is
also a shape factor, while C; and C, control the horizontal
and vertical location of the inflection point, respectively. The
four constants can be related, in general, to the four test
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Fig. 2 Experimental data showing effect of hold time on crack
growth in AF115 at 649°C, R=0.1, f=0.25 Hz (Ref. 7).
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Fig. 3 Experimental data showing effect of frequency on crack
growth in AF115 at 649°C, R=0.1 (Ref. 7).

variables. Through extensive application to a large body of
data on several materials, the following general functional
forms have been established for the SINH model:

C; =const(=0.5)

C,=a+b;log(I-R)+ bylog(H + b; T+ b4i0g(tH)
C,=c+d;log(I-R) + d,log(f) + d; T+ d Jog(ty)
Cy=e+fC, ’ 3)

The 12 constants (a, b,, b,, - -+, f) have to be determined for
any given material. This procedure has been facilitated
through the development of a sophisticated regression analysis
that has been incorporated into a computer program with in-
teractive capabilities. This allows one to assume values for
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Fig. 4 Analytical predictions of MSE to hold-time data of Fig. 2.

some of the constants and to observe the fit to groups of ex-
perimental data points. Revised estimates of the constants can
be introduced to achieve improved fits to experimental data.

Application of the Models to AF115

The capability of the two models to predict crack growth
rates over a range of hold times and frequencies was evaluated
using a limited set of data on AF115. Recall that the MSE
model was developed from a large set of data on this material.
Since there is no general procedure for application to other
materials, the ability of this model to fit data generated for
materials other than AF115 cannot be evaluted. Thus, the
MSE model was not evaluated in a totally objective sense.
Rather, its ability to fit a portion of the data used in its
development and its interpolative capabilities were examined.
On the other hand, the SINH model was evaluated according
to its ability to fit this same limited data set (not used in its
development) as well as its interpolative characteristics.

All AF115 data chosen for the model evaluation were at
649°C and R=0.1. The first set of data represents conditions
of a cyclic frequency of 0.25 Hz with hold times at maximum
load of 0, 90, and 300 s. These data, shown in Fig. 2, exhibit
significant time-dependent behavior: the crack growth rate in-
creases with increasing periods of hold time. The second set of
data, representing frequencies of 0.025, 0.25 and 2.5 Hz with
zero hold time, is shown in Fig. 3. Note that these data, col-
lected at the same temperature of 649°C, do not exhibit time-
dependent behavior and the crack growth rate does not vary
significantly with frequency. These six data sets are not all in-
dependent. The data set at 0.25 Hz with zero hold time in Fig.
2 is, by definition, the set at 0.25 Hz in Fig. 3. Thus, five in-
dependent data sets were used in these evaluations.

The MSE model fit to the data of Fig. 2 is shown in Fig. 4.
The values of the constants in the MSE equation are incor-
porated in the computer program for representing AF115. The

" constants which represent these equations are given in Table 2.

The SINH model was fit to the three data sets of Fig. 2 using
the regression analysis routine in the SINH computer pro-
gram. The results are shown in Fig. 5 and the constants are
tabulated in Table 3. The solid lines in this figure represent the
fit obtained when all of the data points were included, while.
the dashed lines were obtained when the uppermost data point
for ¢;; =0 was ignored. This is further discussed in the follow-
ing seltion. It can be seen that both the MSE and SINH
models provide a good representation of each of the data sets.
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The fit of the two models to the frequency data of Fig. 3 was
handled quite differently for illustrative purposes. The MSE
model provided no variation with frequency and involves a
single set of constants (see Table 2). The SINH model was fit
to the three sets of data at different frequencies by treating
them as three distinct and independent sets, even though they
plot essentially on top of each other. The model had the
capability to fit a different curve to each individual set of data,
although the three curves are hardly distinguishable. Note that
the constants for this fit for f=0.25 are different from those
for the same frequency for a zero hold time, even though they
both represent the same set of data. This point will be discuss-
ed further when the models are compared.

In addition to comparing the capability of each model to fit
the two sets of experimental data, an evaluation was made of
the interpolative aspects of each model within the two data
sets. Choosing two values of K, each model was used to
predict crack growth rates over the entire range of hold times
of 0-300 s (0.25 Hz cycle) and for frequencies of 0.025-2.5 Hz
with zero hold time. The results are summarized in Fig. 6 on a
log-log scale. The cyclic data are plotted as crack growth rate
vs cycle time (reciprocal of frequency). Several features are ap-
parent from these curves. The two models predict essentially
the same behavior over the entire range of hold times.
However, the two models deviate slightly in their predictions
of growth rate as a function of frequency. The MSE model
predicts a linear variation of crack growth rate with cycle time
or hold time, while the SINH model attempts to match the ex-
perimental data using a nonlinear functional relationship. In
the particular case of the frequency data, the SINH model
shows an apparent systematic nonlinear variation of growth
rate with frequency. This apparent variability, however, is no
larger than the inherent scatter in the experimental data. Thus,
for these particular data sets, both models are equally valid for
~ predicting growth rates as a function of hold time or fre-
quency over the ranges tested.

Comparison of Models
Several common points and a number of differences became
apparent in the course of this evaluation of the MSE and
SINH models. Each started with an equation representing the
general sigmoidal shape of a crack growth curve. The equation
involves a number of parameters that are used to adjust the
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position, shape, and limits of each curve as a function of the
four test variables. The MSE model was developed as an equa-
tion to determine da/dN, while the SINH determines
log(da/dN). Similarly, AK and log (AK) are independent
variables in the MSE and SINH models, respectively. A study
of the development and evolution of the functional relation-
ships between the parameters and the test variables seems to
indicate that the logarithmic formulation of the SINH model
lends itself better to physical interpretation of translation and
rotation of the curves on logarithmic plots than the linear for-
mulation of the MSE model.

Evaluation of the functional form of the two models reveals
that the MSE model provides for upper and lower asymptotes
to represent the critical and threshold values of AKX, respective-
ly, while the SINH model makes no such provision. Providing
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Fig. 5 Analytical predictions of SINH to hold-time data of Fig. 2
(solid lines show original fit, dashed lines revised fit).

Table 2 Constants for MSE model [Eq. (1)]?

f,Hz tys S B AK* AK, P Q D
0.25 0 -17.36 10 109.8 -2.27 3.00 -3.69
0.25 90 -7.99 10 109.8 0.15 3.00 -0.47
0.25 300 -7.61 10 109.8 0.46 . 3.00 -0.23
2.5 0 (Same as f=0.25)

1 0.025 0 (Same as f=0.25)

2da/dN given in inches/cycle for values of AK in ksi-in.

Table 3 Constants for SINH model [Eq. (2)]12

f,HZ tH’ S C] 02 C3 . C4

0.25 1P 0.5 4.787 —1.276 . —5.315
0.25 90 0.5 5.146 —1.573. —3.100
0.25 300 0.5 5.242 —1.652 —2.508
0.25 1b 0.5 5.838 —1.513 —4.466
2.5 1b 0.5 4.691 —1.417 —4.924
0.025 1° 0.5 7.046 —1.609 —4.048
0.25¢ 1P 0.5 7.649 —1.397 —4.907
0.25¢ 90 0.5 5.548 —1.598 ~3.014
0.25¢ 300 0.5 4.986 —1.652 —2.508

2da/dN given in inches/cycle for values of AKX in ksi-in. %

YOne second used as approximation for zero hold time for numerical purposes.

®Represents fit for dashed lines in Fig. 5.
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for an asymptote, paticularly at the lower end, has the advan-
tage that a true threshold can be modeled. However, this
feature also has a disadvantage: when numerical procedures
are used to obtain constants, the experimental data falling out-
side (below) the threshold value cannot be treated in regressing

on crack growth rate. No work has been done with these -

models in the near-threshold regime of engine alloys, although
the SINH model has been used successfully to represent near-
threshold crack growth rate data at room temperature for an
aluminum alloy.!?

The major differences between the two models lie in their
state of development and application. The MSE model has
been developed for, and is based on, data on AF115. It has not
been applied to other materials and procedures for determin-
ing the functional forms and their constants for application to
other materials are not available. It is not clear whether the
forms of the functional relations established in the MSE
model for AF115 would be applicable to other materials.
Judging by the success of the SINH model in applylng the
same functional forms [Eq. (3)] to a number of materials, we
would recommend using the same types of relations as used on
AF115 in further developments of the MSE model for applica-
tion to other materials. The SINH model, on the other hand,
has functional relationships that are well defined and whose
constants can be obtained through the application of a com-
puter program containing sophisticated regression analyses
for fitting experimental data. Because of these differences, it is
difficult to make a direct comparison of the capabilities of the
two models.

The application of the SINH model can lead to different
results by different users, depending on the manner in which
the data are treated. In this evaluation, for example, the group
of the three data sets for differing hold times was treated in-
dependently from the one containing the three data sets for
differing frequencies, even though one set of data was com-
mon to both groups. This resulted in an apparent ambiguity
for the case of a frequency of 0.25 Hz and a hold time of zero.
The regression routine used to determine the constants as a
function of hold time only involves log(¢y). Thus, a hold time
of zero cannot be used. A value of 1 s was used for computa-
tional convenience. In determining the constants as a function
of frequency, the frequency data set was used independently
from the hold-time data. The computer program treated the
data set common to both as independent entities in the hold-
time and frequency regressions. The program could have been
forced to yield the same results for f=0.25 Hz in the frequen-
cy regression and f=0.25, 5 =1 in the hold-time regression.
This was not done, however, in these exercises.
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Another approach that can change the results of the SINH
modeling is the alteration of the data set representing the zero
hold time. Figure 2 shows the data set used in the modeling.
The uppermost point for #; =0 does not appear to be consis-
tent with the remainder of the data. Eliminating this single
data point and performing the regression analysis on the re-
mainder of the data results in a revised fit as shown by the
dashed lines in Fig. 5. Note the improvement in the fit of the
zero hold-time data, while the fit to the upper two curves is not
significantly affected.

Another procedure that could have been adopted would be
to use all of the data sets for the three frequencies to represent
the zero hold-time response in Fig. 2. Since there was no ap-
parent frequency effect in this material at 649°C, this larger
data set would bias the lower curve fit in Fig. 4 and probably
provide a better overall fit. Finally, in any nonlinear regres-
sion routine, convergence of a numerical procedure is highly
dependent on the inputs for initial guesses of the constants. In
the apphcatlon of the SINH model, the location of the inflec-
tion point is an initial guess. Different initial guesses could
conceivably provide convergence to other final values of the
constants. Familiarity with the program and the data as well as
experience normally lead to improved predictive models.

Finally, the results of Fig. 6 demonstrate a feature of the
models that may. be important in future applications. The
MSE model appears to provide a linear relationship between
crack growth rate and cycle time on a logarithmic plot. The
SINH model, while providing what appears to be added flex-
ibility by allowing a nonlinear fit, does not have this con-
straint. If a knowledge of mechanisms or a large data base dic-
tates that this plot should be linear, then perhaps the flexibility
of the SINH model should be suppressed to require a linear
relationship. Application of these two models to other
materials has to be attempted first, however, before further
guidelines and constraints can be developed for their applica-
tion to engine alloys.

"Conclusions

The two models evaluated, MSE and SINH, have the
capability to model crack growth rate behavior in elevated
temperature turbine engine materials over ranges of tem-
perature, frequency, stress ratio, and sustained load hold
time. The SINH model has been formulated in a manner that
provides the capability for modeling any material having the
general characteristics of a number of nickel-base superalloys
used in its development. The MSE model has been formulated
for only one material. The methodology for its application to
other materials has not been established. Both models are
highly empirical in nature and do not have any inherent
mechanism. of material behavior built into them. However,
they both have sufficient flexibility to model a large body of
experimental data covering wide ranges of the four test
variables. Because of the significant differences in the stages
of development and experience in application of the two
models, it is difficult to compare them directly. The SINH
model is formulated in a computer code that has built-in func-
tional relationships between the parameters and the test
variables and that contains numerical procedures for regres-
sion analyses to determine these parameters from experimen-
tal data. The MSE model contains no such generalized rela-
tionships or procedures for determining these parameters
from experimental data. Neither model has been applied ex-
tensively to materials that eXhlblt significant amounts of time-
dependent behavior.
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